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GENERAL INSTRUCTIONS: 
 

• Reading time − 5 minutes. 

• Working time − 3 hours.  

• Write using blue or black pen. 

• Start each question on a new page. 

• Write your Student Number at the top of each page. 

• Calculators may be used. 

• A table of standard integrals is provided. 

• ALL necessary working should be shown in every question. 
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QUESTION 1  (15 marks) 

Marks 
 
(a) Find ea f f o in ntegrals ch o  the oll w g i

(i) ݔଷሻିହ݀2 ݔ 
 

׬ ଶሺ1ݔ ൅ 2
 

(ii) ׬ ସ݊ܽݐ 3  ݔ݀ݔ

(iii) ׬ ௗ௫
ଷାଶୡ୭ୱ௫

 
     4 

 
 
(b) Find ׬ ௘ೣା௘మೣ

ଵା௘మೣ
 ݔ݀

(c) (i) Show that sinሺܣ ሻܤ ൌ  1 ܤݏ݋ܿܣ݊݅ݏ2

3 
 

൅ ሻܤ ൅ sinሺܣ െ

 (ii) Hence calculate ׬  2 ݔ݀ݔ4ݏ݋ܿݔ5݊݅ݏ
 

 
 
 
 
QUESTION 2 (15 marks) 
 
 
(a) For ݖଵ ൌ 2 െ ݅ ଶݖ  ൌ 1 ൅ 5݅ find, in the form a+ib, the values of 3  and

  (i) ݖଵ ൅ ݖ
 

ଶ 2 
 
 
  (ii) ݖଵݖଶ 2 
 
 
  (iii) ௭భ

௭మ
 

(b)       (i) Solve ሺݔ ൅ ሻଶݕ݅ ൌ 6݅   2 

2 
 

 
 (ii) Hence or otherwise solve ݖଶ െ ሺ1 െ ݅ሻݖ െ 2݅ ൌ 0 3 
  
 
(c) (i) Express ݖ ൌ 1 √3െ ݅  in modulus-argument form 2 
 
 (ii) Hence express ݖ଺ in the form ܽ ൅ ܾ݅ 2 
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QUESTION 3  (15 marks) 

Marks 
(a) The hyperbola H has the equation ௫

మ

ସ
െ ௬మ

ଵଶ
ൌ 1 

 
Find (i)     its eccentricity 2 
 
   (ii)    the coordinates of its foci 1 
 

(iii) the equations of its directrices 1 
 

(iv) the equations of its asymptotes 1 
  
(b) (i)  Show that the gradient of the tangent to the ellipse ௫

మ

௔మ
൅ ௬మ

௕మ
ൌ 1 at the  

point Pሺܽ cos ,ߠ ܾ sin ሻ is ି௕ߠ ୡ୭ୱఏ
௔ ୱ୧୬ఏ

 2 
 

 (ii) Hence show that the equation of the tangent is  ௫ ୡ୭ୱఏ
௔

൅ ௬ ୱ୧୬ఏ
௕

ൌ 1  3 
 

 (iii) Show that the x-intercept of this tangent is ሺ ௔
ୡ୭ୱఏ

, 0    1 ሻ

(iv) Hence, or otherwise, find the points on the curve 4ݔଶ ൅ ଶݕ3 ൌ 12 whose tangent  
passes through (2,0) 4 

 

 
 
 
QUESTION 4  (15 marks) 
 
 
(a) OABC is a square on the Argand diagram and is labeled in an anticlockwise 

direction. A represents ݖ ൌ ܽ ൅ ܾ݅ and B represents 4 ൅ 7݅. 
 
(i) Find, in terms of a and b, the complex number represented by C. 2 

 
(ii) Hence evaluate a and b. 2 

 
 
(b) The equation ݔଷ ൅ ݔ2 െ 1 ൌ 0 has roots ߙ,  :Find the equation with roots .ߛ and ߚ

 
 (i) ଵ

ఈ
, ଵ
ఉ

 and ଵ
ఊ
    2  

 (ii) ߙଶ,  ଶ  2ߛ ଶ andߚ
 

 
 
(c) (i) Show that 2  of multiplicity 3 for ܲሺݔሻ ൌ ସݔ െ ଷݔ3 െ ଶݔ6 ൅ ݔ28 െ 24  2 is a root

(ii) Hence solve ܲሺݔሻ ൌ 0  2 
 

 
 

(d) Draw on separate argand diagrams the following loci: 
 

(i)    1 ݖݖҧ ൌ 3
 

(ii) arg ቀ ௭
௭ିଵ

ቁ ൌ గ
ଷ
  2 
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QUESTION 5 (15 marks) 

Marks 
(a) Suppose x>0  y >, >0, z 0 

(i) Prove 2 
 

ଶݔ ൅ ଶݕ ൅ ଶݖ ൒ ݕݔ ൅ ݖݕ ൅  ݖݔ

(ii) Given ݔଷ ൅ ଷݕ ൅ ଷݖ െ ݖݕݔ3 ൌ ሺݔ ൅ ݕ ൅ ଶݔሻሺݖ ൅ ଶݕ ൅ ଶݖ െ ݕݔ െ ݖݕ െ  ሻݖݔ
prove ݔଷ ൅ ଷݕ ଷ 1 

 

൅ ݖ ൒  ݖݕݔ3

(iii) Hence show ܽ ൅ ܾ ൅ ܿ ൒ 3ሺܾܽܿሻ
భ
య

 
                                                                       1 

 
 

 
(b) Given below is the graph of ݂ሺݔሻ ൌ 2 െ ସ

௫మାଵ
. 

 
 Use the ൌ ݂ሺݔሻ to sketch, on separate axes, the graphs of  graph of ݕ

(i) 2 

x

y

-1 1

2

-2

 
ݕ ൌ |݂ሺݔሻ| 

 (ii) ݂ሺ ଶ
ݕ 2  ൌ ሾ ሻሿݔ

(iii) ଶ ݂ሺݔሻ 2 

 

ݕ ൌ
 

(iv) ݕ ൌ ଵ
௙ሺ௫ሻ

 

 2 
 
 
(c) For the curve ݔଷ ൅ 3 ଶݕ െ ଷݕ2 ൌ ݔ 16

(i) Show that ௗ௬
ௗ௫
ൌ ௫మାଶ௫௬

ଶ௬మି௫మ

 
         1 

  
(ii) Find the coordinates of the stationary points on the curve 2 
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QUESTION 6  (15 marks) 
 
(a) Find, using slices, the volume generated when the area bounded by ݕ ൌ  ଶ and theݔ

line ݕ ൌ 3 is rotated about the line ݕ ൌ 3. 4 
 
(b) Find, using cylindrical shells, the volume obtained by revolving about the y-axis the 

region bounded by the curve ݕ ൌ for 0 ,ݔ݊݅ݏ ൑ ݔ ൑ ߨ e x-axis. 4 , and th

(c) A solid has a semi-circular base whose equation is ൌ √4 െ ଶݔ
 

 . Vertical cross-
sections, perpendicular to the diameter, are right-angled triangles whose height is 
bounded by the parabola ݖ ൌ 4 െ  .ଶݔ
 
(i) Draw a neat diagram, including a typical slice, representing this information. 1 
 
(ii) By slicing at right angles to the x-axis, show that the volume of the solid is 

given by ׬ ሺ4 െ ଶሻݔ
య
మ݀ݔଶ

଴  . 3 
 

(iii) Hence calculate this volume. 3 
 

 
 
 
  
QUESTION 7  (15 marks) 

Marks 
(a) Use the method of partial fractions to show that ׬ ଺௫ାସ

ሺ௫మାଵሻሺ௫ାଵሻ
ݔ݀ ൌ ହగ

ସ
ଵ
଴ െ ଵ

ଶ
log௘ 2 4 

 
 

(b)   Let ܲሺݖሻ ൌ ସݖ ൅ ଶݖܾ ൅ ݀ where b and d are real numbers and ݀ ് 0. P(z)has a 
double zero  . ߙ

(i) Prove ܲᇱሺݖሻ  odd.  2 
 

 is

(ii) Prove that –ߙ is also a double zero of P(z). 2 
 

 
 
(c) A mass of 35 kg is dropped from a balloon falling at 30 m/s. The mass experiences 

air resistance measuring 70v Newtons, where v m/s is its velocity. Take g as 10m/s2. 
 

(i) Show that the velocity of the mass t seconds after being dropped, but before 
hitting the ground, is given by ݒ ൌ 5 ൅ 2 3 5݁ିଶ௧. 

(ii) Describe what happens to the velocity as ݐ ՜ ∞. 1 
 

 
(iii) If the mass was dropped from 400m above the ground, how close to the ground 

will it be after 1 minute? 3 
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QUESTION 8  (15 ma s  rk )

 (a) Given ܫ௡ ൌ ׬ ݔ ݁ି௫݀ݔଵ
଴   

 
௡

(i) Calcul te 2 
 

a  ଴ܫ 

(ii) Prove ܫ௡ ൌ ௡ܫ݊ ଵ െ
ଵ

 
ି ௘

 2 
 
(iii) Hence find ׬ ଵݔଷ݁ି௫݀ݔ

଴  2 
 
 
(b) Two particles of equal mass are attached to the ends A and B of a light inextensible 

string which passes through a small hole at the apex C of a hollow right circular cone 
fixed with its axis vertical and apex on top. The semi-vertical angle of the cone is ߠ. 
The particle at A, where AC is a units, moves in a horizontal circle with constant 
angular velocity ߱ on the smooth surface of the cone, while the other particle at B 
hangs at rest inside the cone. 

 
(i) Represent is form tion on a diagram showing relevant forces. 1 th  in a

(ii) Show that ߱ଶ ൌ ௚
௔ሺଵାୡ୭ୱఏሻ

 
 2 

(iii) Hence, or otherwise, deduce that ௚
ଶఠమ ൏ ܽ ൏ ௚

ఠమ    2                       
 
 

(c) If x>0,  prove  ݔ െ ଵ
ଷ
ଷݔ ൏ tanିଵ ݔ ൏ ݔ െ ଵ

ଷ
ଷݔ ൅ ଵ

ଷ
    ହ                                               4ݔ

 
        

END OF EXAM 
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